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Abstract. We derived the expression of the normalized q-expectation value based on the density operator
to the order 1−q with the physical temperature in the Tsallis nonextensive statistics of entropic parameter
q. With the derived expression of the normalized q-expectation value, we calculated the momentum dis-
tribution and the correlation to the order 1− q as functions of the inverse physical temperature for a free
scalar field. To the order 1− q, the momentum distribution derived by using the density operator coincides
with the momentum distribution derived from the entropic measure described with the distribution, when
the physical temperature equals the temperature in the distribution derived from the entropic measure.
The correlation depends on the momentums for q 6= 1. The factor two appears in the correlation for the
same momentums, and indicates that the effects of boson at q 6= 1 and those at q = 1 are similar for the
correlation.
PACS. 05.70.-a Thermodynamics – 25.75.Gz Particle correlations and fluctuations – 25.75.-q Relativistic
heavy-ion collisions
1 Introduction
The Tsallis nonextensive statistics has been widely ap-
plied to various phenomena showing power-like behav-
ior [1]. The phenomena with power-like distribution at
high energies have been studied, such as momentum dis-
tribution [2–13], correlation and fluctuation [12, 14–16],
phase transition [17–21], etc. The statistics has two pa-
rameters: one is the temperature T and the other is the
entropic parameter q. The deviation from the Boltzmann-
Gibbs statistics is measured by the quantity 1− q. It was
shown that the value of |1−q| for the distribution is small
at high energies.
The calculation of the expectation value is required
to estimate a physical quantity. Some definitions of the
expectation value [22] have been used in the calculation
of the quantity in the Tsallis nonextensive statistics. The
normalized q-expectation value is physically relevant, be-
cause this expectation value satisfies 〈1〉q = 1. The nor-
malized q-expectation value can be calculated approxi-
mately when the measure |1− q| is sufficiently small [23].
The expectation can be calculated by using 1−q expansion
for small |1− q| to estimate the physical quantity.
The momentum distribution was derived by the maxi-
mization of the entropic measure described with the distri-
bution under constraints [3] which reflect the q-expectation
value. This distribution has the temperature Tdist and the
entropic parameter q. The obtained distribution has been
a e-mail: m isihar@koriyama-kgc.ac.jp
widely used to fit the data, and the distribution of q > 1
derived by the maximization describes well the momen-
tum distributions obtained in the experiments.
It is not always easy to calculate the momentum dis-
tribution based on the density operator even for a free
field. The distribution may be calculated by the 1− q ex-
pansion when |1 − q| is sufficiently small. The meaning
of the parameter Tdist may be clarified by comparing the
distribution calculated by using the density operator with
the distribution calculated by the maximization of the en-
tropic measure. It may be possible to connect the tem-
perature Tdist and the physical temperature Tph [24–26],
which is related to the variation of the Tsallis entropy and
the variation of the internal energies.
The correlation [27,28] is widely used to study the phe-
nomena, and is also affected by the distribution. There-
fore, the correlation should be estimated to clarify the ef-
fects of the statistics. We can calculate directly the quan-
tity with the density operator, assuming the q-expectation
value. The deviation from the correlation at q = 1 is a can-
didate to study power-like phenomenon.
In this paper, we attempt to derive the expression of
the normalized q-expectation value of a physical quantity
to the order 1− q with the physical temperature. The ex-
pression is used to find the momentum distribution and
the correlation for a free scalar field in the Tsallis nonex-
tensive statistics. We compare the momentum distribution
derived by using the density operator with the momentum
distribution derived from the Tsallis entropy described by
the distribution for small |1− q|.
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We show the results briefly. We derived the normalized
q-expectation value of a physical quantity to the order 1−q
with the physical temperature in the Tsallis nonextensive
statistics. With the expression, we obtain the momentum
distribution and the correlation to the order 1 − q for a
free scalar field. The equivalence of two momentum dis-
tributions to the order 1 − q is shown when the physi-
cal temperature equals the temperature introduced in the
entropic measure described by the distribution. The mo-
mentum dependence of the correlation at q 6= 1 and the
effects of boson are shown.
This paper is organized as follows. In section 2, we re-
view briefly the q-expectation value with the density oper-
ator in the Tsallis nonextensive statistics. We expand the
q-expectation value with density operator as a series of
1 − q and obtain the expression of the expectation value
to the order 1 − q. In section 3, we obtain the momen-
tum distribution and the correlation to the order 1 − q
as functions of the inverse physical temperature for a free
scalar field. The derived momentum distribution is com-
pared with the distribution used to fit the experimental
data at high energies for small |1− q|. The last section is
assigned for discussion and conclusion.
2 Normalized q-expectation value for small
|1− q|
2.1 Normalized q-expectation value in the Tsallis
nonextensive statistics
We start with the q-expectation value based on the density
operator. The density operator ρ in the Tsallis nonexten-
sive statistics is defined by
ρ :=
ρu
Tr (ρu)
, ρu :=
[
1− (1− q)
β
cq
(H − 〈H〉q)
]1/(1−q)
,
(1)
where H is the Hamiltonian, β is the inverse tempera-
ture, q is the entropic parameter, cq is a q-dependent con-
stant, and 〈H〉q is the normalized q-expectation value of
the Hamiltonian. The normalized q-expectation value of a
physical quantity O is defined by
〈O〉q :=
Tr (ρquO)
Tr (ρqu)
. (2)
We adopt the normalized q-expectation value in the present
study because of physical relevance, 〈1〉q = 1.
The following self-consistent equation should be satis-
fied from the definition of the expectation value:
〈H〉q =
Tr (ρquH)
Tr (ρqu)
, (3)
where 〈H〉q is included in the right-hand side of eq. (3).
The constant cq and the partition function Zq should also
satisfy the following relation:
cq = (Zq)
1−q
, (4)
where Zq is defined by
Zq = Tr (ρu) . (5)
The following calculations are based on these equations.
2.2 Normalized q-expectation value with the physical
temperature for small |1− q|
We calculate the q-expectation value of a physical quantity
O with small |q − 1|. For simplicity, we use the variable
ε = 1 − q. We expand 〈H〉q and cq with respect to ε as
follows:
〈H〉q = E0 − εE1 +O(ε
2), (6a)
cq = c0 − εc1 +O(ε
2), (6b)
Zq = Z0 − εZ1 +O(ε
2). (6c)
We have the following relations from eq. (4):
c0 = 1, (7a)
c1 = − lnZ0 = − lnTr (exp[−β(H − E0)]) . (7b)
We note that the coefficient c1 depends on the volume of
the system in general. The quantity (ρu)
q is expanded as
follows:
(ρu)
q = eβE0e−βH
{
1 + ε
[
L0 + L1H + L2H
2
]
+O(ε2)
}
,
(8)
where L0, L1, and L2 are defined by
L0 = −β
[
(1 − c1)E0 + E1 +
1
2
β(E0)
2
]
, (9a)
L1 = β [(1− c1) + βE0] , (9b)
L2 = −
1
2
β2. (9c)
The q-expectation value of O is a function of β, and is
expanded with respect to ε such as
〈O〉(β)q = A
(β)
q=1 + εB
(β)
q=1 +O(ε
2), (10)
where the argument β of the functions is attached as the
superscript (β) to avoid confusions. The inverse physical
temperature βph [24–26] is defined by
βph :=
β
c
(β)
q
. (11)
The inverse temperature is written by
β = c(β)q βph =
(
1− εc
(β)
1 +O(ε
2)
)
βph. (12)
We obtain the ε expansion of β by using the above equa-
tion recursively:
β = βph − εc
(βph)
1 βph +O(ε
2). (13)
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Inserting Eq. (13) into Eq. (10), we obtain
〈O〉(β)q = A
(βph)
q=1 + ε
[
B
(βph)
q=1 −
(
∂A
(βph)
q=1
∂βph
)
c
(βph)
1 βph
]
+O(ε2). (14)
The expansion of 〈O〉
(β)
q as a function of βph to the O(ε)
is obtained by using Eqs. (8) and (14):
〈O〉(β)q = 〈O〉
(β)
q=1 + ε
{
L
(β)
1
[
〈HO〉
(β)
q=1 − 〈H〉
(β)
q=1〈O〉
(β)
q=1
]
+ L
(β)
2
[
〈H2O〉
(β)
q=1 − 〈H
2〉
(β)
q=1〈O〉
(β)
q=1
]}
+O(ε2) (15a)
= 〈O〉
(βph)
q=1 + ε
{
βph
(
1 + βphE
(βph)
0
)
×
[
〈HO〉
(βph)
q=1 − 〈H〉
(βph)
q=1 〈O〉
(βph)
q=1
]
−
1
2
(βph)
2
[
〈H2O〉
(βph)
q=1 − 〈H
2〉
(βph)
q=1 〈O〉
(βph)
q=1
]}
+O(ε2). (15b)
The normalized q-expectation value of the physical quan-
tity O is represented with the inverse physical temperature
βph in Eq. (15b). We note that the O(ε) term of Eq. (15b)
does not include c1, while the O(ε) term of Eq. (15a) in-
cludes c1 explicitly.
3 Momentum distribution and correlation for
a free scalar field
3.1 Momentum distribution
We first calculate the number of particles with momentum
k for a free scalar field. The momentum distribution based
on the density operator for a free scalar field can be ob-
tained with Eq. (15b), and the distribution is represented
with the inverse physical temperature. The Hamiltonian
of a free scalar field Hf is given by
Hf =
∑
l
ωla
†
lal, (16)
where ωl is the energy of a particle with momentum l. The
operator al is the annihilation operator which satisfies[
ak, a
†
l
]
= aka
†
l − a
†
lak = δk,l. (17)
We obtain the momentum distribution with vanish-
ing chemical potential from Eq. (15b). The number of the
particles with momentum k is given by
Nq;k = 〈a
†
kak〉
(β)
q
= 〈a†kak〉
(βph)
q=1 + ε
{
βph
(
1 + βphE
(βph)
0
)
×
[
〈Hfa†kak〉
(βph)
q=1 − 〈H
f 〉
(βph)
q=1 〈a
†
kak〉
(βph)
q=1
]
−
1
2
(βph)
2
[
〈
(
Hf
)2
a
†
kak〉
(βph)
q=1
−〈
(
Hf
)2
〉
(βph)
q=1 〈a
†
kak〉
(βph)
q=1
]}
+O(ε2), (18)
where we define the functions Λ
(β)
n and Λ
(β)
n,k [29]:
Λ(β)n := Tr
(
exp(−βHf )
(
Hf
)n)
, (19a)
Λ
(β)
n,k := Tr
(
exp(−βHf )
(
Hf
)n
a
†
kak
)
. (19b)
The normalized q-expectation values given in Eq. (18)
are represented with Λ
(βph)
n and Λ
(βph)
n,k . The number of
the particle with momentum k is obtained by using the
explicit forms of Λ
(β)
n and Λ
(β)
n,k given in the appendix A:
Nq;k =
1
(exp (βphωk)− 1)
+ ε
{
(βphωk) exp (βphωk)
(exp (βphωk)− 1)
2
−
(βphωk)
2 exp (βphωk) (exp (βphωk) + 1)
2 (exp (βphωk)− 1)
3
}
+O(ε2). (20)
Next, we compare eq. (20) with the momentum dis-
tribution given in ref. [3]. The momentum distribution is
obtained from Nk by taking the large volume limit, and
the distribution for βphωk ≫ 1 is
1
V
d3Nq
dk3
=
exp (−βphωk)
(2pi)3
{
1 + ε
[
(βphωk)−
1
2
(βphωk)
2
]}
+O(ε2). (21)
The momentum distribution was derived by the max-
imization of the entropic measure under constraints [3],
assuming the Tsallis entropy described with the distribu-
tion. The following Tsallis-type distribution is often used
to study momentum distributions at high energies.We add
the superscript ’dist’ to Nq in order to avoid confusions.
d3Ndistq
dk3
=
gV
(2pi)3
[1− ε (βdist(ωk − µ))]
1−ε
ε , (22)
where g is the degeneracy factor and µ is the chemical
potential. The expansion of eq. (22) at µ = 0 and g = 1
to the order ε is given by
1
V
d3Ndistq
dk3
∣∣∣∣∣
µ=0,g=1
=
exp (−βdistωk)
(2pi)3
{
1 + ε
[
(βdistωk)−
1
2
(βdistωk)
2
]}
+O(ε2). (23)
The momentum distribution derived from the normal-
ized q-expectation value for the free Hamiltonian to the
order ε, Eq. (21), coincides with the momentum distri-
bution assuming the Tsallis entropy described with the
distribution to the order ε, Eq. (23), when βph is equal to
βdist.
4 Masamichi Ishihara: Title Suppressed Due to Excessive Length
3.2 Correlation
We attempt to calculate the following correlation Cq;k,l
which is defined by
Cq;k,l :=
〈a†ka
†
lakal〉
(β)
q
〈a†kak〉
(β)
q 〈a
†
lal〉
(β)
q
. (24)
The correlation can be calculated with eq. (15b), as the
number of the particles with momentum k was calculated.
The correlation is represented by the functions Λ
(β)
n , Λ
(β)
n,k,
and Λ
(β)
n,k,l, where the function Λ
(β)
n,k,l is defined by
Λ
(β)
n,k,l := Tr
(
exp(−βHf )
(
Hf
)n
a
†
kaka
†
lal
)
. (25)
The function Λ
(β)
n,k,l is given explicitly in the appendix A.
We finally obtain the correlations, Cq;k,l|k 6=l and Cq;k,k,
to the order ε:
Cq;k,l|k 6=l
= 1− ε
[
(βphωk) exp (βphωk)
(exp (βphωk)− 1)
] [
(βphωl) exp (βphωl)
(exp (βphωl)− 1)
]
+O(ε2), (26a)
Cq;k,k = 2− 2ε
[
(βphωk)
2 exp (2βphωk)
(exp (βphωk)− 1)
2
]
+O(ε2).
(26b)
Equation (26) shows that the correlation for q > 1(ε < 0)
is larger than that at q = 1.
4 Discussion and Conclusion
In this study, we derived the expression of the normalized
q-expectation value based on the density operator to the
order 1 − q with the physical temperature in the Tsallis
nonextensive statistics of entropic parameter q. We cal-
culated the momentum distribution and the correlation
as functions of the inverse physical temperature βph for a
free scalar field, using the expression of the 1 − q expan-
sion. We compared the momentum distribution derived
by using the density operator with the momentum distri-
bution derived from the Tsallis entropy described by the
distribution.
The expression of the q-expectation value of a physical
quantity as a function of the inverse physical temperature
is useful to estimate the effects of the nonextensivity for
small |1 − q| in the Tsallis nonextensive statistics with
density operator. It is significant that the q-expectation
value as a function of the inverse physical temperature to
the order 1− q does not include c1 which depends on the
system volume generally. The expression implies that the
phenomena is described with the physical temperature.
The momentum distribution is an increasing function
of q − 1 for βphωk ≫ 1, where ωk is the energy of a
particle with momentum k. The tail of the momentum
distribution, which implies βphωk ≫ 1, increases as q in-
creases. For βphωk ≫ 1, the momentum distribution de-
rived from the normalized q-expectation value with the
density operator for a free scalar field is equivalent to the
momentum distribution derived from the Tsallis entropy
described with the distribution, up to the order 1−q, when
the physical temperature in the case of the q-expectation
value with density operator is equal to the temperature as
a parameter of the distribution. This fact implies that the
temperature obtained by the fit to the experimental data
is the physical temperature.
The correlation for a free scalar field, Cq(k, l), is an
increasing function of q around q = 1. The correlation for
q 6= 1 depends on the momentums, while the correlation
for q = 1 is independent of the momentums. Evidently, the
correlation is proportional to (βphωk)(βphωl) when |1− q|
is small enough and βphωk is large enough. As for the
property of boson, the value of the correlation Cq(k,k)
is twice the value of liml→k Cq(k, l). That is, the effects
of boson at q 6= 1 and those at q = 1 are similar for the
correlation.
In summary, we derived the normalized q-expectation
value of a physical quantity to the order 1 − q with the
physical temperature in the Tsallis nonextensive statistics,
and obtained the momentum distribution and the corre-
lation for a free scalar field. To the order 1 − q, the mo-
mentum distribution calculated by using the density op-
erator coincides with the momentum distribution derived
from the entropic measure described with the distribution,
when the physical temperature equals to the temperature
introduced as a parameter in the distribution derived from
the entropic measure. The correlation Cq(k, l) depends on
the momentums. The factor two appears in Cq(k,k), as
the factor appears in the correlation for the Boltzmann-
Gibbs statistics. This factor indicates that the effects of
boson at q 6= 1 and those at q = 1 are similar for the
correlation.
We hope that this work is helpful to study the physics
at high energies within the framework of the Tsallis nonex-
tensive statistics with the density operator.
A Traces
In this section, we give the expressions of Λ
(β)
n , Λ
(β)
n,k, and
Λ
(β)
n,k,l explicitly. Again, we write the definitions.
Λ(β)n := Tr
(
exp(−βHf )
(
Hf
)n)
, (27a)
Λ
(β)
n,k := Tr
(
exp(−βHf )
(
Hf
)n
a
†
kak
)
, (27b)
Λ
(β)
n,k,l := Tr
(
exp(−βHf )
(
Hf
)n
a
†
kaka
†
lal
)
, (27c)
where Hf is the Hamiltonian for a free scalar field:
Hf =
∑
l
ωla
†
lal,
[
ak, a
†
l
]
= δk,l. (28)
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The functions Λ
(β)
n for n = 0, 1, 2, 3 are given below:
Λ
(β)
0 =
∏
l
(
1− e−βωl
)−1
, (29a)
Λ
(β)
1 =
[∑
l
ωl
(eβωl − 1)
]
Λ
(β)
0 , (29b)
Λ
(β)
2 =


[∑
l
(ωl)
2
eβωl
(eβωl − 1)
2
]
+
[∑
l
ωl
(eβωl − 1)
]2
Λ(β)0 ,
(29c)
Λ
(β)
3 =
{[∑
l
(ωl)
3
eβωl
(
eβωl + 1
)
(eβωl − 1)
3
]
+ 3
[∑
l
ωl
(eβωl − 1)
][∑
l
(ωl)
2
eβωl
(eβωl − 1)
2
]
+
[∑
l
ωl
(eβωl − 1)
]3}
Λ
(β)
0 . (29d)
The functions Λ
(β)
n,k for n = 0, 1, 2 are given below:
Λ
(β)
0,k =
1
(eβωk − 1)
Λ
(β)
0 , (30a)
Λ
(β)
1,k =
{
ωke
βωk
(eβωk − 1)
+
[∑
l
ωl
(eβωl − 1)
]}
×
1
(eβωk − 1)
Λ
(β)
0 , (30b)
Λ
(β)
2,k =
{
(ωk)
2
eβωk
(
eβωk + 1
)
(eβωk − 1)
2
+
[
2ωke
βωk
(eβωk − 1)
][∑
l
ωl
(eβωl − 1)
]
+
[∑
l
ωl
(eβωl − 1)
]2
+
[∑
l
(ωl)
2
eβωl
(eβωl − 1)
2
]}
1
(eβωk − 1)
Λ
(β)
0 . (30c)
The functions Λ
(β)
n,k,l for n = 0, 1, 2 are given below:
Λ
(β)
0,k,l
∣∣∣
k 6=l
=
{
1
(eβωk − 1)
1
(eβωl − 1)
}
Λ
(β)
0 , (31a)
Λ
(β)
0,k,k =
{
(eβωk + 1)
(eβωk − 1)2
}
Λ
(β)
0 , (31b)
Λ
(β)
1,k,l
∣∣∣
k 6=l
=
{
ωke
βωk
(eβωk − 1)
+
ωle
βωl
(eβωl − 1)
+
[∑
p
ωp
(eβωp − 1)
]}
×
1
(eβωk − 1)
1
(eβωl − 1)
Λ
(β)
0 , (31c)
Λ
(β)
1,k,k =
{
ωke
βωk(eβωk + 3)
(eβωk − 1)3
+
(eβωk + 1)
(eβωk − 1)2
[∑
p
ωp
(eβωp − 1)
]}
Λ
(β)
0 , (31d)
Λ
(β)
2,k,l
∣∣∣
k 6=l
=
{
(ωk)
2eβωk
(eβωk − 1)2
+
(ωl)
2eβωl
(eβωl − 1)2
+
[∑
p
(ωp)
2eβωp
(eβωp − 1)2
]
+
(
ωke
βωk
(eβωk − 1)
+
ωle
βωl
(eβωl − 1)
+
[∑
p
ωp
(eβωp − 1)
])2}
×
1
(eβωk − 1)
1
(eβωl − 1)
Λ
(β)
0 , (31e)
Λ
(β)
2,k,k
=
{
(ωk)
2eβωk
(eβωk − 1)4
(e2βωk + 8eβωk + 3)
+
2ωke
βωk(eβωk + 3)
(eβωk − 1)3
[∑
p
ωp
(eβωp − 1)
]
+
(eβωk + 1)
(eβωk − 1)2
([∑
p
(ωp)
2eβωp
(eβωp − 1)2
]
+
[∑
p
ωp
(eβωp − 1)
]2)}
Λ
(β)
0 . (31f)
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